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Abstract 

Let n be an open set in a geodesically complete, non-compact, m-dimen- 
sional Riemannian manifold M with non-negative Ricci curvature, and 
without boundary. We study the heat flow from into M — if the 
initial temperature distribution is the characteristic function of Q. We 
obtain a necessary and sufficient condition which ensures that an open 
set Q, with infinite measure has finite heat content for all t > 0. We also 
obtain upper and lower bounds for the heat content of in M. Two-sided 
bounds are obtained for the heat loss of in M if the measure of is 
finite. 
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1 Introduction 


Let (M, g) be a geodesically complete, smooth, m-dimensional Riemannian man¬ 
ifold without boundary, and let A be the Laplace-Beltrami operator on M. It 
is well known (see [5], [7]) that the heat equation 

Au{x; t) = ^ X e M, t > 0, (1) 

ot 

has a unique, minimal, positive fundamental solution pMix,y;t) where x G M, 
y G M, t > 0. This solution, the heat kernel for M, is symmetric in x, y, strictly 
positive, jointly smooth in x^y G M and t > 0, and it satisfies the semigroup 
property 

PM{x,y\s + t) = / dz pM{x,z;s)pM{z,y,t), (2) 

J M 

for all X, y G M and t,s > 0, where dz is the Riemannian measure on M. See, 
for example, [13] for details. 

We denote hy d : M x M R+ the geodesic distance associated to {M,g). 
For X G M, R > 0, B{x;R) = {y G M : d{x,y) < R}. For a measurable set 
A c M we denote by |A| its Lebesgue measure. If A c M is a Cacciopoli set 
then we denote by V its perimeter. 

In this paper, we obtain some results for the heat flow from an open set 
with boundary into its complement M — Q with the characteristic function 
of n as the initial temperature distribution. Define uq : fl x ( 0 , 00 ) 1—>■ R by 


un{x;t) 


dypM{x,y\t). 


Then uq, is a solution of the heat equation © and satisfies 


11111 U-SZVJ 

tio 




(3) 

(4) 


where In : M 1 —>■ {0,1} is the characteristic function of D, and where the 
convergence in (|3|) is locally uniform. It can be shown that if |D| < 00 , then 
the convergence is also in L^{M). If fl has infinite measure and |5D| = 0, then 
the convergence is also in (Section 7.4 in |B]). Furthermore, if for some 

p G M,ro > 0, dr r{iog\B{p-,r)\)~^ = -boo, then uq defined by (Hj) is the 
unique, bounded solution of o with the initial condition in the sense of 
L\^^{M). We refer to Chapter 9 in |7j. 

We define the heat content of in M at time t by 

HQ{t) = / dxuQ{x;t)= dx dypM{x,y;t). (5) 

Jq, Jq, Jq, 

HQ(t) is the amount of heat left in D at time t if all physical constants, such 
as specific heat and thermal conductivity, have been put equal to 1. In general, 
the problem of finding i7a(t) as a function of t is difficult as it requires an 
explicit formula for the heat kernel pM{x,y;t). Even in the case of R”^, where 
such an explicit formula is available, it is not easy to calculate the asymptotic 
behaviour of HQ{t) as t j, 0 for example. Similar problems have been studied in 
the Euclidean setting in m. [H], m and subsequently in d], [3] and gj. 
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The results in Theorem 2.4 of m imply that if il is an open, bounded subset 
of R"* with C^’^-boundary dil then 

Hn{t) = |n| - t i 0. (6) 

The uniform remainder estimates obtained in [3] improve upon ©, and imply 
an 0{t) remainder in ([6|). 

In the Riemannian manifold setting, it was shown (El) that if n is non¬ 
empty, bounded, dfl is of class C°°, and if {M,g) satisfies exactly one of the 
following three conditions: (i) M is compact and without boundary, (ii) (M, g) = 
{MJ^,ge) where ge is the usual Euclidean metric on K™, (hi) M is a compact 
submanifold of R"* with smooth boundary and g = ge\M, then there exists a 
complete asymptotic series such that 


j-i 

Ha{t) = Y. t i 0, (7) 

3=0 

where J G N is arbitrary, and where the /3j : j = 0,1, 2,... are locally com¬ 
putable geometric invariants. For example, by [2], we have that 

^0 = |f^|, /3i = -7r-^/^V{n), (32 = 0. 

The main results of this paper concern the situation where 17 is an open set 
with infinite measure in a complete, non-compact, m-dimensional Riemannian 
manifold M with non-negative Ricci curvature. 

Definition 1. For x € M, 17 C M, and R> 0, 

R) = \B{x] i?) n 17|. 

Our main result is the following. 

Theorem 2. Let M be a eomplete, non-eompaet, m-dimensional Riemannian 
manifold with non-negative Ricci curvature, and without boundary. 

(i) Let 17 be an open subset of M. If Hq{T) < oo for some T > 0 then 


(ii) There exist Ki > 0 and K 2 < 00 such that if 17 satisfies 
Ki 


then 


< H„(i) < A-, 


la 


W > 0. (9) 


'a mxw>^)y 


The heuristic interpretation of (|5]) and is the following. Consider a 
partition of M in open “boxes”, Bi, B 2 , ■ ■ ■, centred around points xi,X 2 , ■ ■ ■ of 
diameter 7^/^ each. The amount of heat in box at 7 = 0 equals \Bi 017|. The 
heat redistributes to a profile such that at time 7 the maximum and minimum 
temperatures in Bi are comparable. The average temperature uq, in Bi is then 
of order . Integrating uq, over 17 then gives that iJn is of order ([5]) . Here, 
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we have used that \Bi\ x \B[xi\t^/‘^)\. The integrand in ([5]) is the fraction of 
space of the ball centred at x with radius that is occupied by fl. 

If n has finite Lebesgue measure, then it is natural to define the heat loss of 
n in M at t by 

Fnit) = \n\-Hnit). (10) 

By Lemma [S] and Corollary [5] below, we have that 1 1 —>■ Ho^it) is decreasing and 
convex respectively. If |r2| < oo, then the heat loss t i—>■ Th(t) of in M is 
increasing from 0 to |n| and concave. If is bounded and 917 is smooth, then, 
by 0, there exists an asymptotic series of which the first few coefficients are 
known explicitly. Theorem 3] below deals with the case where |n| < oo but 
where either the perimeter of is infinite and/or dfl is not smooth. 

Definition 3. For x G M, 17 C M, and R > 0, 

m{x; R) = \B{x; R) - I7|. 


Theorem 4. Let M be a complete, non-compact, m-dimensional Riemannian 
manifold with non-negative Rieci curvature, and without boundary. There exist 
constants Li > 0 and L 2 < oo such that if LL is open in M with |I7| < 00 , then 


Li 



iyn{x]t^/‘^) 

\B{x;ty^)\ 


< Fnit) < L 2 dx 

Jn 


\B{x;F/^)\- 


( 11 ) 


We give explicit numerical values for Ki,K 2 and Li,L 2 in the proofs of 
Theorems [5] and 0] respectively, in terms of of the numerical constants that 
appear in the Li-Yau bounds for the heat kernel. These bounds. Corollary 3.1 
and Theorem 4.1 in [^, are crucial ingredients in the proofs in Section 0] below. 
In Section [3] we give some examples of 17 in where a precise analysis of iLa(t) 
is possible. 


2 Proofs 


There are several key ingredients of the proofs of Theorems 0] and 0] which 
we recall below. The Bishop-Gromov Theorem, , states that if M is a com¬ 
plete, non-compact, m-dimensional, Riemannian manifold with non-negative 
Ricci curvature, then, for p G M, the map r 1 —>■ is monotone decreasing. 

In particular 


\B{p] r2)\ 


< 


0 < ri < r2. 


( 12 ) 


\B{p;ri)\ 

The results of Li-Yau, Corollary 3.1 and Theorem 4.1 in [9], imply that if M is 
complete with non-negative Ricci curvature, then for any D 2 > 2 and 0 < Di < 
2 there exist constants 0 < Ci < (72 < 00 such that for all a; S M, y G M, t > 0, 


^-d{x,yf /{IDxt) ^-d(x,yf-l{2D’2t) 

^'(|R(x;tl/2)||B(y;tl/2)|)l/2 ^ VM{x,y,t) < C 2 . 

(13) 

Finally, since by m the measure of any geodesic ball with radius r is bounded 
polynomially in r, the theorems of Grigor’yan in [7] imply stochastic complete¬ 
ness. That is, for all x G M and t > 0, 


/ dypM{x,y,t) = 1. 
JM 
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We also recall the following contractivity property of the heat semigroup. 

Lemma 5. Suppose M is complete and with non-negative Ricci curvature. If 
fl C M is open and < oo for some fixed t > 0 then 

Hn{t + s) < HQ{t), s > 0. 

Proof. By (l2|), (jS]), and Tonelli’s Theorem, we have that 


Mn(x;t + s)= / dypM{x,y,s)un{y;t). 

Jm 


Hence 


/ dxun{x;ts)^ 

JM 

= dx dyipM{x,yi\s)un{yi\t) / dy2PM{x,y2\s)un{y2;t) 

Jm Jm Jm 

= dyi dy2PM{yi,y2-,2s)un{yi;t)un{y2]t) 

Jm J m 

I I dy2PM{yi,y2]‘Js){un{yi]if Pua[y2]tY) 

^ Jm Jm 

= dyi dy2PM{yi,y2]‘Js)un{yi\tY 

Jm J m 

= [ dyun{y;ty, ( 14 ) 

Jm 

where we have used the stochastic completeness of M in the last equality. By 
® and m we have that 

Hn{2t) = / dz dy dxpM{x, z;t)pM{z,y;t) 

Jm Jn Jn 

= / dzuQ(z;t)'^. 

Jm 

We conclude that the left-hand and right-hand sides of m equal Ha{2t 2s) 
and HQ{2t) respectively. This proves the assertion. □ 


We have a similar estimate in the proof of the following. 


Corollary 6. Suppose M is complete, H G M is open and Hq{s) < oo for 
some s > 0. Then 1 1 —!> i?n(t) is convex on (0,oo). 

Proof. Since Hq{s) < oo for some s > 0, we have by Theorem[5]that Hq{s) < oo 
for all s > 0. Hence it suffices to show that t i—)> is mid-point convex. 

This follows from 


Hn{t + s)= dz dy dxpM{x,z]t)pM{z,y,s) 
Jm Jn Jn 

= / dzun{z;t)un{z;s) 

Jm 

<i/ dz{un{z-,t)'^-\-uniz-,s)‘^) 

z Jm 


= -{Hn{2t) + Hni2s)). 


□ 
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Proof of Theorem [H To prove part (i) of Theorem [2J we let t > T > 0 and 
suppose that Hq{T) < oo. Let R> 0. By LemmaO ([S]) and (fT^ . we have that 


Hn{T) > Hnit) 


> dx dypM{x,y]t) 

JQ JQnB(x-,R) 


J Cl Jcir\B{x\R) 


For d{x, y) < R, B{y; C B{x; R + so that by (|T^ . 

'i? + tl/2' 




tl/2 




The choice R = implies, by (fTKll and (ITBl) . that 

Hn{T) > Hn{t) > t > T, 


In \B{x;B/^)\'- 


(16) 


(17) 


with 


Ki = c'^2-’”/2g-i/(2r>i)^ 

Hence the integral in ([5]) is finite for all t >T. 

Next suppose that 0 <t <T. By (IT^ and (fT71) . we have that for 0 < t < T, 




la |B(i;i'/^)| - Vi 


mj2 




mj2 


Hn{T). 


'|H(a;;ri/2)| -Ki\t 

This completes the proof of the assertion in part (i). 

To prove part (ii) of Theorem[5] we let n > 1, p G H, and !!„ = fl fl i?(p; n), 
and suppose that dH]) holds. Then |H„| < |i?(p;n)| < n™|il(p;l)| < oo. Let 
i? > 0. Reversing the roles of x and y in (fTBl) we have that for d{x, y) < R, 

/ /1/2 

\B{y;t^/^)\>^ 


i? + H/2 


\Bix-,t^/^)\. 


(18) 


We have that 


dx / dypM{x,y,t) 

Jn^ 


dx 


> ClnC\B{x\R) 


dypMix,y;t) 


dx 


> Cln—B{x-,R) 


dypM{x,y,t). 

(19) 


Using m and m, we see that 


dx 


/ Clrif^B{x-,R) 


dypMix,y;t) 


1/2 

< 6 - 2 / dx|H(x;tV 2 )|-i / dyO-^^p^) 

Jnn, Jn„nB(x-R) \\B{y,t l^)\J 


< C 2 


R + U/2X-/2 


tl/2 


dx 


ClriC\B{x\R) 

pn„ix;R) 


a„ \B{x;B/^)\ 

pn{x;R) 

n\B{x-,P/^)\- 


(20) 
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To bound the second term in the right-hand side of (ITOl) . we let 0 < a < 1, 
and note that 

d(x, yf/{2D2t) > aR^/{2D2t) + {l-a)d{x, yf , y G n„-S(a:; R). (21) 

Hence, this second term is bounded by 

^ r2n ^ Qn 


< (:72e-“-^'/(2D2t) f f ^yf 

J Qn ^V 


D. 


il-a)Di 


ml2 




D2t 


{l-a)D^ 


1/2 


)l 


- 1/2 


< 


< 


X \B(y] 

C2 


Z?2t 


(l-a)Zli 


1/2 


|-l/2g-(l-a)ii(a:,y)^/(2D2t) 


D2 


Cl \{l-a)Di 


m/2 


Ci\{l-a)Di) 


,-aR^t(2D2t) - 


D2t 


(1 - a)Di 


( 22 ) 


where we have used (I^T|) , (IT^ , the lower bound in (fT5)) , and the monotonicity of 
t !->■ Ha^t). We now let = PmD 2 t, /3 > 1 and choose a = 1 — G (0,1). 
This choice of a minimises the right-hand side of (EH), and gives the bound 


dx / dypMix,y;t) <— 

Jq,^-B{x-,R) ^1 


C 2 {f3e^-^D2\”"^'^ 


Di 


HaAt) 


< 


C 2 


Cl 


Di 


HnAt)- (23) 


We choose (3 such that the coefficient of (f) in the right-hand side of (1^ 
is equal to That is 


4 ( 2 C 2 (2D2\^'^^ 

/3 = — log — — 
m \ Cl \ D 


(24) 


Since C 2 > Ci and D 2 > 2 > Hi we have that the right-hand side of is 
bounded from below by 1. By (HSll-dMl), we obtain that 

HnM < 


< 2(2+'")/2c'2(/3mH2)3'"/‘^ / dx 


ynix; {PmD2tYP 


If we replace t by t/{(3mD2), and use the monotonicity of t >->■ Hn(t), then 
we obtain 


Hn„{t) < HQ^{t/{ml3D2)) < K 2 / dx 


Q |H(a;; (/3mH2t)i/2)| ■ 

inicity of t i 


where 


K 2 = 2 I+ 2 -C 2 D 2 log ^ 


2 C 2 f2D 


Cl \D 


n |H(x;H/2)|’ 
m/2\ \ 3™/4 
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Finally letting n —^ oo leads to the upper bound in ([5]) of Theorem O We now 
infer that the lower bound in (1171) holds for all t > 0. This completes the proof 
of Theorem [5] 

The following will be needed in the proof of Theorem HI 

Lemma 7. Let M he a complete, non-eompaet, m-dimensional Riemannian 
manifold with non-negative Ricci curvature. If LI G M, |n| < oo, then for all 
s > 0 and all t > 0, 

Ffi{s + t) < Ffi{s) + Ffi{t). 

Proof. By the definition of Fh(t) in (fTUl) . and by stochastic completeness, 


Fn{t) = dx dy pM{x,y;t) - dx dy pM{x,y,t) 

Jm Jn Jn Jn 

= I dx dy pM{x,y,t). (25) 

’ Jn 


' M-n 


By the heat semigroup property dia and Tonelli’s Theorem, we have that 


^h(s + t)= / dx dy pM{x,y;s -\-t) 

J M—Q J n 

= dz dx dy pM{x,z;s)pM{z,y,t) 

Jm JM-n Jn 

= dz dx dy pM{x,z-,s)pM{z,y;t) 

Jn JM-n Jn 

+ dz dx dy pM{x,z;s)pM{z,y,t) 

JM-n JM-n Jn 

< dz dx pm{x,z;s) / dy pM{z,y;t) 

Jn JM-n Jm 

+ / dz dy pM{z,y]t) / dx pm{x,z;s) 

JM-n Jn Jm 

= dz dx pm{x,z;s) / dz dy pM{z,y;t) 

Jn JM-n JM-n Jn 


In JM-n 
= Fq{s) + Fn(f). 


□ 


Proof of Theorem [7) To prove the lower bound in dm), we have by (EH): dm 
that for i? > 0, 


Fn{t)> dx dypM{x,y,t) 

Jn J B(x-,R)-n 

- ' in ^ |B(y;ii/ 2 )|i/ 2 - 

Since B{y; C B{x; R + for y S B(x] R), we have by (fTCl) that 

^ 1/2 \ ™/2 






va{x]R) 


n \B{x-,P/^)[ 


Fn[t) > Cl 





The choice R = gives the lower bound in (HU with 

Li = 2-W2g-i/(2Di)(^^^ 

To prove the upper bound in (HU, we let i? > 0 , and write dSU as 

Fn{t) = dx dypM{x,y;t) 

Jn J (M-n)nB(x-.R) 


+ dx 


m J {M-Q.)n(M-B(x-R)) 


dypM{x,y;t). 


By (fT^ and (IT^ . 


(26) 


dx dypMix,y;t) 

In J{M-n)nB{x-,R) 


<C 2 dx 


' {M-n)nB{x-,R) 


dy\B{x;tF‘^)\ 


-1 

|S(2/;ti/2)|i/2 


<C2 




tl/2 


f dx 

n\Bix-,F/2)\- 


Furthermore, 
/ dx 


/(M-n)n(M-B(x;_R)) 


dypMix,y;t) 


dy- 


„-d(x,yf / 


< f dx f _ 

Jn JM-n "(|i?(x;tV2)||ij(y;ti/2)|)i/2 


\ -^1 / Jn Jn-n 


-d(x,y)'^/{AD^t) 


X {\B{x- { 2 D 2 tlD^)F^)\\B{y- { 2021 /D^)F^)\) 


1/2n|n-1/2 


< „-R^/(AD^t)^ 1 

(202^ 

m/2 

Cl ' 

Ici, 

) 

< -R^KAD^t)^ 1 

(202^ 

m/2 

Cl ' 

Ici, 

) 


dx 


Jn JM-n 
Fn{2D2t/Di). 


dypM{x,y\2D2t/Di) 


( 27 ) 


( 28 ) 


Let n G N be such that G [n,n + 1 ). Then n > 2 and n + 1 < 3 n /2 < 
3D2/-D1, so that FQ{ 2 D 2 t/Di) < Fh((n+ l)t) < (n + l)Fh(t) < ‘^D 2 Fn{t)/Di 
by Lemma [71 Using this, we see that the right-hand side of ( 1 ^ is bounded 

by 3 e“^ 7(4^2*) ^2^2 (Fn(t). We choose i? such that the coefficient of 
Fn(t) is equal to That is i? = where 


Of = 4172 log 


&C 2 D 2 /2U2\'"/" 


1/2 


Rearranging terms in (l 26 ll via (l 27 l) and (l 28 ll with the above choices of R and a 
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gives that 


Fn{t) < 2{a + ir/^C 2 [ 

Ja 

< 2(a + 1 )’"/ 2 q,™c '2 


dx 


VQ,{x] 

\B{x-tF^)\ 

|S(x;a<i/ 2 )|- 


It follows that 


Fn{t/a^) < 2(a + ir/2a™C2 



\B{x;F/2)\- 


(29) 


Let n S N be such that ^ G [;i^j ^)- Since a > 2, n > 4. Hence by LemmaH 
Fn{t/a'^) > Fn{t/{n + l)) > :^Fn{t) > ^Fn{t) > ^FQ{t). By (gg) we now 
conclude that 

P i/i ^ I T\'m/2 rn+2^ f j ! ) 

Fn(t) <-(« + !) a \B{x,tri2^\ 

We infer that the upper bound in (ITTl) holds with 


L 2 = 5-2i+'" 


3™/^C2 


^£>2 log 


/ 6C2£i2 

CxD^ 



(4+3m)/4 


3 Examples 

In this section we give some examples of open sets H in M = K™, where a 
precise asymptotic analysis of the heat content for f 0 is possible. Recall that 
in Euclidean space, 

V[x,y,t) = ( 30 ) 

Our first example is the following. Let 


17 — r^), 


where (zi)igN is an enumeration of Z™, and where ri > r 2 > ■ ■ ■ ■ Furthermore, 
let 


5=l-2ri. 

Theorem 8 . (i) If 5 > 0, then HQ{t) < 00 for all t > 0 if and only if 


^r^<oo. (31) 

2=1 


If 6 > 0 and (|3ip holds, then 


Hn{t)-y^HB(zi-ri)it) 

i=l 


< ( - 

- ™ 


1 

(4^t)l/2 


(32) 

i=l 


where ojm = 1 ^( 0 ; 1 )|. 
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(ii) Let 


(33) 


n = ai * S N, 

and let 0 < a < j. If ^ < a < ^ then 

Hn{t) = ^ ^ I 0 ^ 

where 

= 2'^-^-^TT-^/^a-^V{{2ma - 1)/{2a))a^/’^ 
■ [ dx [ dy|a;-yp-"™“)/“. 

Jb( 0 : 1 ) -' 5 ( 0 : 1 ) 


If — < a < ^-r then 

m. m .— 


where 


Fn{t) = + 0(ti/2), t i 0, 


= 2™-i-^7r-™/2a-ir((2ma - 1)/{2a))a^/‘^ 

■ [ dx [ dy |a; - 2 /^- 2 '"“)/“. 

JbIO-.I) JR'^-B(oa) 


If m > 2 and < a < or if m = 2 and < a then 
Fnit) = T^-^I^V[Ll)t^l^ + o(t(™“-i)/(2«))^ t i 0. 
If m > 2 and a = then 

Fn{t) = TT-^/^V{n)t^/^ + O (^tlogl^ , UO. 

If m > 2 and —^ < a then 

Fn{t) = 7T-F^V{n)t^^^ + Oit), t i 0. 


(34) 


(35) 


(36) 


(37) 


(38) 


(39) 


(40) 


Proof. To prove the first assertion under (i) it suffices, by Theorem [5J to show 
that ilo((5^/4) < oo if andonly if rf™ < oo. Suppose first that T/q( 5^/4) < 
oo. By Theorem [21 


HUSVi)>Kj 

Jn 


a \Bix-,d/2)\ 

Hn{x;S/2) 


dx 


ieN 


\B{x-5l2)\ 


/ dx |i7(a;; (5/2) n fl| 

{i-.2ri<5/2} JB{zi-,ri) 


— K\UJrn ( j 


E 


J2m 


{i:2ri<(5/2} 
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where we have used that if < i5/4 and x S B{zi;ri) then B{x\5/2) fl = 
Next suppose that ^ Then 




In \Bix;6/2)\ 


{v.ri>5/A} ' 

^ E 

{i:ri>5 / 

/d' 


/ dx + ^ 


dx 


y.Q,{x\5/2) 


B(zi-ri) 


dxiAri/5)"^ + uj. 


B(zv,Ti) \B{x]5/2)\ 
2 


E ^ 

{2:r‘i<(5/4} 


2m 


E' 

ieN 


,2m 


which implies the reverse implication. 
To prove (15^ . we first note that 


OO OO 


Hn{t) = EE 


= 1 JB(zi-ri 


^E 


JB{zi-,ri) JB(zi-Ti) 
CO 

= E ^B(zi-ri){t)- 


dx / dyps,’^{x,y;t) 

JB{zy,rj) 

dx I dypRm{x,y;t) 


i=l 


To prove the upper bound it suffices to bound the double sum 


(41) 


E E 

1=1 ■ 


/ dx 
B{zi;ri) J B{z 


dypRm{x,y,t) 


(42) 


from above. We first observe that if x G B{zi;ri), y G B{zj]rj) and \zi — Zj\ = 1, 
then \x — y\ > S. For any other pair of points Zi, Zj G Z™ with i ^ j, we have 
that jzi — Zjl > ^[2. For such a pair and x G B{zi] Vi) and y G B{zj;rj), we have 
by the definition of S that 

\x-y\> \zi - Zj\- \zi - x\ - \y - Zj\ > \zi - Zj \ + S - 1 


> 


Zi - Zj \ + 5 - I, 


Zi - z, 


Izi - zA > 


V2 + 6-1, 

7T 


Zi - z , 


> 

So, combining the estimate for \zi — Zj\ = 1 with the one for \zi — Zj\ > \/2, 
gives that 


\x - y\^ > —\zi - Z;i\^, xGB{zp,n), yGB{zj;rj), i^j. 

Hence, using o, we have that the expression under dUl) is bounded from 
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above by 


i=l {jeN-.j^i} 

^ oo 

i=l {iGN:i/i} 

OO 

i=l {iGN:j/i} 


Z— 1 

OQ / ^oo \ 1 

< <(4^t)-’”/"e-^'/(i“) ^ rf- (^1 + 2 y dj j 


which gives the bound in (15^ . 

To prove part (ii) of Theorem [51 we first consider the case where fi has 
infinite measure but finite heat content. That is ^ < a < ^. By m, it 
suffices to consider the sum in the left-hand side of (EH). Since r i—>■ id_B(o;r)(t) 
is increasing, i i—>■ df_B( 0 ;ai-“)(t) is decreasing. Hence 

OO OO 

^ ^ ^B{zi\ri) (0 = -^B(0;az-“) (^) 


2=1 


2 = 1 
poo 


di Hf 


'B(0;ai-“)(t) 

..'U 

= f f dx f dy pR^(axi~°,ayi~°;t). 

Jo J B{ 0 \ 1 ) j B{ 0 - 1 ) 

(43) 

A straightforward application of Tonelli’s Theorem gives the formulae under 
(EH) and EH- To obtain a lower bound for the left-hand side of (EH , we use 
the monotonicity of z i—>■ -f^B( 0 ;a 2 -“) (^) once more, and obtain that 

OO „oo 

^ ^ -^B(0;a2““) (^) 

2 = 1 -^1 

= - / d^i^B(0;a.-^)(^)• (44) 

JO 

The last term in the right-hand side of (lUl) is bounded in absolute value by 

/ diHB{o ;a2““) (t) < di dx dypRm{x,y;t) 

Jo Jo JB( 0 :ai-°‘) 


= oJm f di {ai “)^ 

Jo 


= a;ma™(l — am) 

This completes the proof of the assertion under (1551) - (1551) . 


(45) 
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Next consider the case where has finite measure but infinite perimeter. 
That is ^ < a < We have, by (15^ and scaling, that 

CXD 

Fn{t) = 

2^1 

CXD 

= 5 ](az-“)™FB(o;i)(a-^* 2 “t) + ( 45 ) 

i=l 

In a similar way to the proof of (IMl) , (1351) , we approximate the sum with respect 
to i by an integral. However, the heat loss i ^ FB(o-i){a~'^i^°‘t) is increasing in 
i, whereas i 1 —>■ is decreasing. Below we consider a decreasing function 

/ : R+ I—!> R+ and an increasing function g : R+ 1 —>■ R.+ . For i S N, and fg 
summable, we have that 


[ dxf{x)g{x)>f{i + l)g{i) = f{i)g{i) + {f{i + l)-f{i))g{i). (47) 

J i 


It follows that 


00 «oo 00 

^f{i)g{i)< / dxf{x)g{x)-^{f{iFl)-f{i))g{i) 

i=l ■'1 i=l 

pOC ^ 

< dx f{x)g{x) - ^(/(i + 1) - fii))g(i)- (48) 
Jo 


Similarly 

ri+l 


/ dx f{x)g{x) < f{i)g{i + 1) = f{i + l)gii + 1) + (/(*) - f{i + l))ff(i + 1), 

J i 

(49) 


and 


CX) poo 00 

'^f{i + ^)g{i + ^)> dxf{x)g{x)-'^{f{i)-f{i + l))g{i + l). (50) 

i=l 

So 

00 pOO p 1 

'^f{i)g{i)> dxf{x)gix)- dx f{x)gix) -- f{i + l))g{i + 1). 
i=i do Jo 

(51) 

Let f{x) = aFx~^°‘ and g{x) = Fb(o;i)( a“^a;^“t)- Using /(x) — /(x + 1) < 
a’"TOax“’"““^, we obtain that 

00 00 

0 < - f{i + l))g{,i + 1) < a™ma^r™“"^FB(o;i)(a"2(i + l)^“t) 

2^1 
00 

< a™ma^r™“-iFB(o.i)(a- 2 ( 2 i) 2 “t) 


2 = 1 


2=1 


< a^m^oOmaTT-F'^ ^ r’”“-i(a-2(2z)2“t)i/2 
2 = 1 

= 0(ti/2), (52) 
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(53) 


where we have used that (Proposition 8 in [12] ') 


Furthermore, by (I53F we have that 

[ dxf{x)g{x) [ dx x-^‘^+°‘= 

Jo Jo 

By (I46|) - (l53ll we conclude that 

nOO 

Fa{t)= / dxa"^x-’"“FB(0;i)(a-2x"“t)+O(ti/2) 

= (54) 

where da^m is given by (1571) . and where the integral with respect to x in (IMl) 
has been evaluated with the change of variable a~'^tx^°‘ = 9. This completes 
the proof of (IH^ . 

Finally, we consider the cases were fl had both finite measure and finite 
perimeter. Suppose m > 2 and < a < or m = 2 and < a. Let 

/ G N, and apply Theorem 2 from to a ball of radius r: 

\HB(0-,r) - \B{0; r)| + t > 0, (55) 

where Cm = rn^ujm2"'~^^. Then 


I 

Hn{t) > E 'f^B(0;ai-“)(0 

i=l 


> Iff I - UJmOd^i- 

i=I+l 




(56) 


The third term in the right-hand side of (IHHl) is bounded by up to a 

multiplicative constant. The fourth term is bounded up to a multiplicative 
constant by Minimising the sum + /i-Q!(m- 2 )^^ gives that 

I = up to a constant. This gives a remainder 0 (t(™““i)/( 2 “)) for the 

lower bound. 
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To obtain an upper bound, we let J S N, and note that by (15^ . 

OO 

i=l 

J OO 

< ^ ^ |-B(0;aj “)|+0(e /(32i)^ 

z—1 Z=J+1 

J 

2^1 

OO 

+ ^ |B(0;ar“)|+ 0 (e-^'/( 32 t)) 

Z—J+1 

OO 

< |^ 2 | — ^ 

•i—J+1 

+ c™ + 0(e-'5'/(32t)), (57) 

i=l 

The third term in the right-hand side of (IH71) is bounded up to a multiplica¬ 
tive constant by xhe fourth term in the right-hand side of 

(EZD is bounded up to a multiplicative constant by Minimising 

ji-a(m-i)^i/2_|_ ji-a(m-2)^ gives that for t J' Oj >^ = up to a constant. 

This gives a remainder 0 (t(’"““i)/( 2 a)) f-Qj. upper bound, and completes the 
proof of . 

Next consider the case a = Then the sum of the third and fourth 

terms in the right-hand side of (l56ll equals, up to constants, /“ 2 /(™- 2 ) _|_iiog/. 
We now choose / = and obtain the remainder in (EH). Similarly, 

the sum of the third and fourth terms in the right-hand side of (1571) is of order 
j-i/(m- 2 )^i /2 _|_ ^log J. We now choose J = [t“(™“ 2 )/ 2 j obtain the same 
remainder. 

Finally, consider the case a > (m — 2)“^. Then the uniform remainder in 
the right-hand side of (1551) is summable. Hence by (EH, 

\Hn{t) - |H| + + C>(e-^'/( 32 i))^ ^ 

ieN 


and we obtain the remainder in (EH- This concludes the proof of Theorem 

IHii). □ 

In our second example we take the same collection of radii as in (1331) but 
align the balls such that the centres are on the positive Xi axis and such that 
the balls are pairwise disjoint, decreasing in size and touching. That is 




where = (0, • • • , 0), and 

^, = a(l-“+2 ^ ,0), i> 2. 
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Theorem 9. (i) < oo for all t > 0 if and only if a > 

(ii) 


We note that the range of a’s for which H[^{t) is finite is different from those 
a’s for which Ho^if) is finite. Realigning the balls as in Theorem IH] reduces the 
heat flow out of A. However, the leading order behaviour as t | 0 is the same 
for the common values of a. 


Proof. A has infinite measure if and only if a < —, and so it suffices to consider 
this case. Let 


t< i> 
- 64’ - 



(58) 


We note that ((^ implies that i > 2^^. We let x € Bi := B{vi\ai~°‘). We 
wish to find a lower bound for and consider the collection of balls 

Bj, j = i,i + 1, - ■ ■ ,I{i) that are contained in B{x]t^^'^). By (1551) . there exists 
i G N such that 

/(z) 7(i) + l 

2a^ j““ < < 2a ^ j““. (59) 

3=i 3=i 


Then 


<2a{I(i)+ 2 — i)i “. 


So the number of balls Bj in B(x;t^^‘^) with j > i is bounded from below by 
The smallest ball in this collection has measure 0 Jra{aI{i)~°‘)'^. 


. 1/2 ± 1 / 2-0 
t ' Ad 1 \ t ' I 

2a ^ ^ — 4a ■ 

We conclude that 


x € (60) 

4a 

To obtain an upper bound for I{i), we bound the left-hand side of ()59ll from 
below by 2a dxx~°‘. This gives that 


m< 


I — a 
2a 





l/(l-a) 


(61) 


By m and m, we find that 

J fia;/7A(a:;t^/^) > a;^a™(ar“)'"—z“ -f z^"“) 

(62) 

The right-hand side of (15^ is not summable if a < {2m — 1) 

Next we show that HA{t) < 00 if a > (2m — 1)“^. We consider all balls 
Bj that intersect B{x;t^^'^), x G Bi, and let be the largest of these balls. 
Then 

z-l z-l 

2a ^ < 2a ^ (63) 

j = J(z) + l 3 = J{i) 
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We have that A n B{x] is contained in a cylinder of height and base 
an (m — l)-dimensional ball with radius aJ(i)~°‘. By monotonicity, we have 
that 

x e Bi. 

Hence 

[ (64) 

JBi 

By the first inequality in (1631) . we obtain that 

2a{i — 2 — J{i)){i — 1)““ < 


So, by 


• 1/2 


J{i) >1-2- -i- ^ - >1-2 --- >1-2- > -, 

2 a 2a 16 2 


since i > 2^^. By (l64l) and (l65ll . we have that 

JBi 


(65) 


( 66 ) 


The right-hand side of (ITOl) is summable for a > (2m — 1)“^. This concludes 
the proof of part (i). 

To prove part (ii), we note by gu that for any disjoint collection of balls 
with radii ri > r 2 > ■ ■ ■, 


Bui^nB{zi-,ri)it) ^ ^ ^ HB(zi-,ri){t) — ^ ^ (t/r^ ). 

ieN 

It follows that 


iGN 


HK{t) > 5^(m-“)’"ifB(0;i)(i*"“/a"). 


2=1 


Since 


2m—1 


< a < we just follow the lines of (l44l) - (l^ to conclude that 
liminf > Cam- 

* 4,0 V / . 


To prove the upper bound we use Theorem[5J For .t F Ur^.^rv ^ sa iBivi-.ai “), 

1 ' * 1 / 2 J 

we bound the integrand in the right-hand side of dH]) from above by 1. So these 
balls give a contribution 

/ o \ (l-am)/a 

K2 Y. \B{v,-ai-^)\<K2UJm{l-am)-\^(^\ . (67) 

The contribution from the remaining balls in A that satisfy (I58p can be estimated 
via (p51) . These give, for all t satisfying (EHl), a contribution that is bounded 
from above by 

K22^ + ^^-^^°‘u}m-l0Jm Y («*"“)™ («*"“ 

that is non-negative and C)(t(™““i)/(2a) This, together with (1571) . completes 
the proof of Theorem [SKii). □ 
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